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The oblique whistler waves have been studied having k vector at an angle to magnetic field for a generalized
distribution function reducible to bi-maxwellian and loss-cone. The dispersion relation and growth rate have
been obtained for oblique whistler mode instability incorporating the trajectory of the particles, in the presence
of perpendicular a-c electric field by method of characteristic solutions. The effects of distribution function and
beam effect have been discussed for the space plasma at magnetospheric height and at 1 A.U. The results are
compared with satellite observations and reported results obtained by other techniques. Excitation of two separate,
but simultaneous left hand polarized whistler mode at 1 A.U. by electron been are demonstrated.
1. Introduction
Plasma waves in the vicinity of the magnetopause at
ELF/VLF frequencies propagating waves have been stud-
ied by many researchers (Rycroft, 1972; Misra and Singh,
1977, 1980; Misra et al., 1979; LaBelle and Treuman,
1988; Sazhin, 1988, 1993; Tsurutani, 1981, 1989; Misra
and Haile, 1993; Misra and Pandey, 1995). Intensifica-
tion of these waves are general features of magnetopause
crossings. Flux transfer events were particularly pronounce
at frequencies below electron gyrofrequency range consis-
tent with ISEE-2 and 3 and AMPTE-UKS plasma wave
data. AMPTE-UKS satellite recorded on board and mea-
sured wave normal angles of whistler mode waves. Sim-
ilar study was also done by Kimura and Matsuo (1982).
Whistler mode instabilities were analyzed using data from
magnetosphere and electron experiment on board ISEE and
AMPTE-UKS (Korth et al., 1984; Ward et al., 1985; Kennel
et al., 1986). The distribution function was seen like having
mixture of two bi-Maxwellian of density of 106/m3, with
anisotropy of nearly 2 and energies ranging from 12 ev to 2.5
keV (Shah et al., 1985). The growth of whistler wave was
also investigated from an anisotropic electron beam of vari-
ous electrostatic and electromagnetic wave modes at various
propagation angle using a series of one-dimensional simula-
tion (Zhang et al., 1993). However wave propagation was
still restricted to a single fixed direction relative to the mag-
netic field. Devine et al. (1995) generalized oblique whistler
mode instability in one and two-dimensional simulations.
Gary (1992) and Gary et al. (1993) studied whistler mode
instabilities in the magnetosheath in electron-proton plasma
with temperature anisotropy. Gary and Madland (1985) in
their study of whistler instability observed that maximum
growth rate are very sensitive to background plasma.
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Electron beam excitation of upstream waves in the
whistler mode frequency range was also studied in inter-
planetary space at 1 A.U. Both parallel and obliquely
propagating solutions were considered (Wong and Smith,
1994). Whistler waves have been observed in upstream from
obliquely propagating shock waves in both simulations and
space plasma (Lyn and Kan, 1990; Pantellini et al., 1992
and references cited there in). For a solar wind type plasma
expected wavelength are of the order of inertial length and
depend on obliquely propagating speed and field orientation
(Thomas et al., 1990; Winske et al., 1990). High frequency
waves have been observed by ISEE-3 in the distant upstream
plasma (Kennel et al., 1980, 1986) resulting from solar wind
rather than from shock origin in accordance with Gary and
Feldman (1997).
Recently competing processes of oblique whistler mode
instabilities were studied due to anisotropic electron beam
having linear results as well as two-dimensional particle
simulations (Borda de Agua et al., 1996). This has a direct
relevance for interpretation of wave activities observed in
Earth’s magnetosphere by the GEOS1, GEOS2 and GEO-
TAIL satellites or in uranian bow shock by Voyger2 were
proposed.
In the recent past electric field measurements on satellites,
such as S3-3 and Viking have given fluctuations the fre-
quency range 0.1–100 Hz and higher ranging up to few KHz
(Block and Falthammer, 1990 and reference cited there in).
Parallel and perpendicular a-c electric field measurements
were also reported in Earth’s bow shock regions (Mozer
et al., 1978; Wygant et al., 1987; Lindqvist and Mozer,
1990). Recently particle and fields measurements were also
reported by DMSPF8 and CRRES satellites (Maynard et al.,
2000). Therefore, it attaches significance to see how for,
whistler emissions are affected if such a field is simultane-
ously present. Such small magnitude fields may also be pro-
duced due to many other types of fluctuations.
In the present paper therefore, oblique whistler mode in-
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stabilities were performed having [k⊥ and k‖] wave numbers
for a generalized drifting distribution function, reducible to
bi-maxwellian and loss-cone distribution, in the presence of
perpendicular a-c electric field by method of characteristics
solutions. In the section second, using the details of par-
ticle trajectories (Misra and Pandey, 1995) dispersion rela-
tion have been given. Analytical expressions for growth rate
have been evaluated. In the section third, results have been
discussed and applied to magnetospheric as well as in in-
terplanetary space plasma at 1 A.U. lastly conclusion are
outlined.
2. Dispersion Relation and Growth Rate
Using the method and technique of Misra and Pandey
(1995) the unperturbed trajectories of charged particles in-
cluding a-c electric field and equilibrium distribution func-
tion f0(v) are written as:
X0 = X + (vy/ωcs) + (1/ωcs)[vx sin ωcs t ′ − vy cos ωcs t ′]
+ (x/ωcs)[(ωcs sin νt ′ − ν sin ωcs t ′)/(ω2cs − ν2)]
Y0 = Y + (vx/ωcs)(1/ωcs)[vx cos ωcs t ′ − vy sin ωcs t ′]
− (x/νωcs)
· [1 + {(ν2 cos ωcs t ′ − ω2cs cos νt ′)/(ω2cs − ν2)}] (1)
Z0 = Z − vz t ′
and the velocities are
vx0 = vx cos ωcs t ′ − vy sin ωcs t ′
+ {νx/(ω2cs − ν2)}(cos νt ′ − cos ωcs t ′)
vy0 = vx sin ωcs t ′ + vy cos ωcs t ′
− {x/(ω2cs − ν2)}(ωcs sin νt ′ − ν sin ωcs t ′)
vz0 = vz . (2)
Where, ωcs = (esB0)/ms is the cyclotron frequency of
species s and x = (esE0x/ms) and a-c electric field is
varying as E = E0x sin νt , ν being the angular a-c frequency.
f0(v) = (n0v2 j )/(π)3/2α2( j+1)α‖ j!
· exp(−v2/α2)((v‖ − vd)2/α2‖) (3)
where j = loss-cone index; α⊥s and α‖s are thermal veloc-
ities; for j = 0 and it reduces to bi-maxwellian and further
for α⊥ = α‖ it becomes a Maxwellian. We take j = 0 bi-
maxwellian for background plasma and j = 1 loss-cone for
beam plasma. The first order perturbed distribution function
f1s is written as (Misra and Pandey, 1995).




{(ω − k‖v‖ − (n + q)ωcs + pν}]
· E1x Jn Jp{(n/λ1)U ∗ + (p/λ2)D1}
− i E1y{J ′n JpC + Jn J ′p D2} + E1z Jn JpW ∗]
(4)
where,
C1 = (1/v⊥)(δ f0/dv⊥)(ω − k⊥ · v‖) + (δ f0/δv‖)k‖
U ∗ = C1[v⊥ − {νx/(ω2cs − ν2)}]
W ∗ = [(nωcsv‖/v⊥)(δ f0/δv⊥) − nωcs(δ f0/δv‖)]
· [1 + {k⊥xν/(ω2cs − ν2)}{(p/λ2) − (n/λ1)}]
D1 = C1{νx/(ω2csν2)}, J ′n = {d Jn(λ1)}dλ1 and
J ′p = {d Jp(λ2)}/dλ2 (5)
λ1 = (k⊥v‖)/(ωcs), λ2 = (k⊥x )/(ω2cs − ν2),
λ3 = (k⊥xν)/(ω2cs − ν2).
Following Misra and Pandey (1995), the conductivity tensor
‖σ‖ is written as




































U ∗ + p
λ2
D1, B = J ′n JpC1 + Jn J ′p D1.
From J = ‖σ‖ · E1 and two Maxwell’s curl equations for
the perturbed quantities, one can get the wave equation as[





E1 = 0 (8)
where ∥∥∥∥(k, ω) = 1 − 4πiω ‖σ(k, ω)‖
∥∥∥∥ (9)
is dielectric tensor. After using the Eq. (6) and (2) Eq. (7)
becomes










The generalizied dielectric tensor may be written in com-
plete form as∣∣∣∣∣∣∣
N 2 cos2 θ1 + 11 12 N 2 cos θ1 sin θ1 + 13
21 N 2 + 22 23
N 2 cos θ1 sin θ1 + 31 32 N 2 sin2 θ1 + 33
∣∣∣∣∣∣∣
= 0. (11)
If we remove the contribution of a-c field above dielectric
tensor is similar to Sazhin (1993). After using the limits
k⊥ = k sin θ1 → 0 and k‖ = k cos θ1 the generalized
dielectric tensor becomes simplified tensor and generalized
dispersion relation reduces as∣∣∣∣∣∣∣
−N 2 + 11 12 0
−21 −N 2 + 22 0
0 0 33
∣∣∣∣∣∣∣ = 0. (12)
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Above expression is rewritten in more convenient form
for whistler waves
−N 4 − 211 N 2 + 211 + 212 = 0 (13)
for electrostatic waves 33 = 0.
Neglecting the higher power of N therefore resulting gen-
eralized dispersion relation becomes as
11 ± 12 = N 2. (14)
Hence the dispersion relation of whistler wave is obtained






































































Assuming k to be real and using an asymptotic expansion
of Z(ζ ) in the limit of large value of as






‖ζ‖  1 Im |ζ |  Re |ζ |. (17)
The Eq. (15) now reduces to


































Now introducing the following definitions





, X4 = − ν
ωc
, X5 = ω − k‖vd
ωc
.
The Eq. (18) reduces to simpler numerical dimension less
form. The growth rate and real frequency are given in di-
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β = K B T‖μ0n0
B20




K3 = 1 − X3 + X4 + X5, K4 = X3 X4
X3
.
3. Result and Discussion
The growth rate for left hand whistler mode instabil-
ity have been evaluated for various distribution function
of electron density specially for distribution index j = 0,
j = 1 reducible to bi-maxwellian and loss-cone. Follow-
ing plasma parameters are assumed for Earth’s Magneto-
sphere at L = 6.6, K B T‖ = 5 keV, B0 = 1 × 10−7 T,
n0 = 5 × 106 m−3, E0 = 4 × 10−3 V/m, ν = 0, 4 KHz,
8 KHz, θ1 = 00, 200, 400, AT = T⊥/T‖ − 1 = 0.25, 0.5,
0.75, vd = 0, 0.12α‖, 0.24α‖. Plasma parameters at (Wong
and Smith, 1994) 1 A.U. K B T‖ = 10 eV, B0 = 5 × 10−9 T,
n0 = 6 × 106 m−3, E0 = 4 × 10−3 V/m, ν = 0, 200 Hz,
400 Hz, θ1 = 00, 200, 400, AT = T⊥\T‖ − 1 = 0, 0.25,
0.5, vd = 0, 0.4α‖, 0.8α‖ in both cases a-c frequencies are
chosen such that whistler condition are not violated i.e. less
than half gyrofrequency.
In Fig. 1(a) anisotropy variation for bi-maxwellian plasma
j = 0 and loss-cone plasma j = 1 have been shown in case
of magnetosphere at L = 6.6. In case of bi-Maxwellian
plasma anisotropy increases the growth rate but maxima
marginally shift towards higher k¯ (frequency value). In the
case of j = 1 while the growth rate is increasing with
increase in anisotropy but the maxima is shifting towards
lower value of k¯ (frequency). Thus upon the choice of dis-
tribution function and amount of anisotropy present various
whistler frequencies will be generated. This feature remains
similar up to angle 00 to 200, however, the background den-
sity and temperature chosen may alter the generated fre-
quency range. Temperature anisotropy remains the prime
source of seeding the free energy to the plasma. In case of
loss-cone the source of free energy is not only temperature
anisotropy but also the increase of v⊥ having greater positive
slope.
While Fig. 1(b) shows variation of growth rate with k¯ for
distribution index j = 0 (bi-maxwellian) and j = 1 (loss-
cone) at 1 A.U. for other fixed plasma parameters as shown
in caption. The growth rate is still influenced by tempera-
ture anisotropy but the maxima shifts towards lower values
of k¯ (frequency) for j = 0 and towards higher values of
k¯ (frequency) for j = 1 opposite to magnetospheric con-
ditions. In case of 1 A.U. growth rate is still possible at
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Fig. 1(a). Variation of growth rate (γ /ωc) with k¯ for different val-
ues of temperature anisotropy AT and other fixed plasma parameters
E = 4 × 10−3 V/m, ν = 4 KHz, θ1 = 200, K B T‖ = 5 keV,
n0 = 5 × 106 m−3, Vd/α‖ = 0.12, B0 = 1−7 T.
k
Fig. 1(b). Variation of growth rate (γ /ωc) with k¯ for different val-
ues of temperature anisotropy AT and other fixed plasma parameters
E = 4 × 10−3 V/m, ν = 200 Hz, θ1 = 300, K B T‖ = 10 eV,
n0 = 6 × 106 m−3, Vd/α‖ = 0.8, B0 = 5 × 10−9 T.
Fig. 2. Variation of growth rate (γ /ωc) with temperature anisotropy AT
and other fixed plasma parameters E = 4 × 10−3 V/m, ν = 4 KHz,
θ1 = 200, K B T‖ = 5 keV, n0 = 5 × 106 m−3, Vd/α‖ = 0.12,
B0 = 1 × 10−7 T, k = 0.4.
j = 1 for zero temperature anisotropy because of v⊥ having
positive slope and index increasing to (2 j + 1) resulting in
numerical multiplication to a-c frequency term. Further this
situation may also occur due to oblique propagation. Thus
different frequencies would be generated at 1 A. U. the fre-
quency of generated whistler waves are ωr/ωc = 0.4, 0.53
at AT = 0.25, 0.5 respectively. Wong and Smith (1994) re-
sults (their figure no. 6) for generation of whistler waves are
in agreement with our results. Further, in case of magneto-
spheric plasma Fig. 2 describes the maximum growth rate
Fig. 3(a). Variation of growth rate (γ /ωc) with k¯ for different values of
a.c. frequency ν and other fixed plasma parameters E = 4 × 10−3 V/m,
AT = 0.25, θ1 = 200, K B T‖ = 5 keV, n0 = 5×106 m−3, Vd/α‖ = 0.12,
B0 = 1 × 10−7 T.
Fig. 3(b). Variation of growth rate (γ /ωc) with k¯ for different values of
a.c. frequency ν and other fixed plasma parameters E = 4 × 10−3 V/m,
AT = 0.25, θ1 = 300, K B T‖ = 10 eV, n0 = 6×106 m−3, Vd/α‖ = 0.8,
B0 = 5 × 10−9 T.
with anisotropy with fixed plasma parameter listed in cap-
tion. In case of bi-maxwellian distribution the growth rate
first increase and then start saturating for the higher value of
temperature anisotropy, whereas for j = 1 the growth rate
is still increasing for much larger temperature anisotropy be-
cause of increase in positive slope of v⊥ in addition to tem-
perature anisotropy. Figure 3(a), shows variation of growth
rate with k¯ for fixed plasma parameters shown in caption
for magnetospheric plasma. The growth rate with a-c fre-
quency increases and maxima shifts towards lower k¯ values
in both cases of distributions. Thus covering a wide spec-
trum of frequencies. The periodic emission consisting of a
series of equally spaced discrete emissions were observed
at low latitude stations of magnetospheric origin (Dowden,
1962; Lalmani et al., 2000) and at mid latitude by Helliwell
(1965). Halliwell (1967) explained these observations based
on oblique propagation of whistlers generated at magneto-
spheric heights. Further, explanations were based on trans-
verse resonance condition and theory based on interaction
between energetic streaming electrons with whistler mode
waves travelling in opposite directions. Whereas Fig. 3(b)
depicts the case at 1 A.U. the width of maxima becomes nar-
rower and shifts towards much lower k¯ (ωr/ωc = 0.5, 0.4,
0.3 at ν = 0, 200 Hz, 400 Hz for j = 0 and ωr/ωc = 0.72,
0.51, 0.4 at ν = 0, 200 Hz, 400 Hz for j = 1 respectively)
values. The generated frequencies obtained are in agreement
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Fig. 4(a). Variation of growth rate (γ /ωc) with k¯ for different values of
electron drift (Vd ) and other fixed plasma parameters E = 4×10−3 V/m,
ν = 4 KHz, θ1 = 200, K B T‖ = 5 keV, n0 = 5 × 106 m−3, AT = 0.25,
B0 = 1 × 10−7 T.
Fig. 4(b). Variation of growth rate (γ /ωc) with k¯ for different values of
electron drift (Vd ) and other fixed plasma parameters E = 4×10−3 V/m,
ν = 200 Hz, θ1 = 300, K B T‖ = 10 eV, n0 = 6 × 106 m−3, AT = 0.25,
B0 = 5 × 10−9 T.
with the results at 1 A.U. obtained by Smith et al. (1991) and
Wong and Smith (1994) (Their figure no. 1) in conformity
with our calculation. Similar high frequency whistler waves
(10–100 Hz) have been observed by ISEE-3 in the distant
up stream plasma (Kennel et al., 1980). It was argued by
kennel et al. (1980) that they possibly result from stream-
ing electrons with solar wind in accordance with the insta-
bility analysis of Gary and Feldman (1977). In this case
also effects of back ground plasma is clearly visible. Fig-
ure 4(a) shows variation of growth rate for various values
of drift velocity of electrons parallel to the magnetic field in
case of magnetospheric plasma. Drift velocity variation in-
creases the growth rate in case of bi-maxwellian plasma and
marginally affects growth rate for loss-cone plasma. Fig-
ure 4(b) shows the similar variation at 1 A.U. Further growth
rate decreases as drift velocity increases for bi-maxwilliam
plasma. Drift velocity does not effect growth rate for loss-
cone in this case. Figures 5(a) and 5(b) gives the varia-
tion of growth rate for various values of angle for magne-
tospheric plasma and 1 A.U. interplanetary plasma, respec-
tively. Growth rate from 00–200 is marginally affected and
electron remains resonant with left hand polarized mode but
Fig. 5(a). Variation of growth rate (γ /ωc) with k¯ for different values of an-
gle of propagation (θ1) and other fixed plasma parameters E = 4×10−3
V/m, ν = 4 KHz, AT = 0.25, K B T‖ = 5 keV, n0 = 5 × 106 m−3,
Vd/α‖ = 0.12, B0 = 1 × 10−7 T.
Fig. 5(b). Variation of growth rate (γ /ωc) with k¯ for different val-
ues of angle of propagation (θ1) and other fixed plasma parameters
E = 4 × 10−3 V/m, ν = 200 Hz, θ1 = 300, AT = 0.25, K B T‖ = 10 eV,
n0 = 6 × 106 m−3, Vd/α‖ = 0.8, B0 = 5 × 10−9 T.
it increases beyond 200. After 400 the electrostatic condi-
tion start dominating and non-resonant instability starts con-
tributing or even change in polarization may take place mak-
ing it a right hand mode. At 1 A.U. low frequency emission
of whistler waves for bi-Maxwellian plasma and higher fre-
quency whistler wave for loss-cone is possible. Our results
are in agreement with Wong and Smith (1994). However,
here we do not get two peaks in absence of the beam.
In order to test the beam effect on simultaneous gener-
ation of several whistler waves at 1 A.U. the back ground
plasma is chosen with j = 0 bi-Maxwellian having a-c field
and beam as loss-cone j = 1 without a-c field and results
are shown in Fig. 6(a), for fixed plasma parameters shown
in caption and for different angles of propagation. Here si-
multaneous presence of two peaks are seen at 1 A.U. The
electron temperature anisotropy remains the main source of
instability for left hand instability. However, in the pres-
ence of beam component of distribution the modification of
usual real frequency results in generation of a new wave.
Double peak appears only after 30 when beam tempera-
ture anisotropy is 2 or more than 2. Here either electro-
static whistler modes are generated or polarization is getting
reversed. When the background plasma is assumed to be
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Fig. 6(a). Variation of growth rate (γ /ωc) with k¯ for different values of
angle of propagation (θ1) and other fixed plasma parameters. Parameters
for background plasma j = 0, E = 4 × 10−3 V/m, ν = 200 Hz,
AT = 0.25, K B T‖ = 10 eV, n0 = 6 × 106 m−3, Vd/α‖ = 0.8,
B0 = 5 × 10−9 T, and parameters for beam plasma j = 1, K B T‖ = 1
keV, n0 = 6 × 105 m−3, Vd/α‖ = 0.8, AT = 2.
k
Fig. 6(b). Variation of growth rate (γ /ωc) with k¯ for different values of
angle of propagation (θ1) and other fixed plasma parameters. Parameters
for background plasma j = 1, E = 4 × 10−3 V/m, ν = 200 Hz,
AT = 0.25, K B T‖ = 10 eV, n0 = 6 × 106 m−3, B0 = 5 × 10−9 T, and
parameters for beam plasma j = 0, K B T‖ = 1 keV, n0 = 6 × 105 m−3,
Vd/α‖ = 0.8, AT = 0.25.
loss-cone type of very low energy and beam is assumed bi-
Maxwelliam of high energy 1 keV or more the double peaks
are appearing at all angles less than 50. However, they are
not well separated as shown in Fig. 6(b). In earlier case
waves are emitted only in limited range of k¯ (frequency)
while in second case between the peaks growth reduces but
never goes to zero. In this case it remains in left hand po-
larized mode. The results are in agreement with satellite
observations of ISEE-3 and results reported by Smith et al.
(1991) and Wong and Smith (1994).
4. Conclusion
The effect of distribution functions of back ground plasma
influences the generation of oblique whistler waves more
effectively at 1 A.U. than at magnetosphere. The a-c fre-
quency alters the range of generated whistler frequencies.
At 1 A.U. when background plasma is bi-maxwellian and
beam is loss-cone whistler mode generated instability gave
two clearly separated peaks. While at 1 A.U. itself when
back ground plasma is loss-cone type and beam is bi-
Maxwelliam then two peaks appear with in same unstable
spectrum. Thus choice of back ground plasma and beam
plays vital role in generating different whistler frequencies
although not reported here such separate peaks are obtained
in magnetosphere at different angles of propagation only
when background plasma has kappa distribution of high en-
ergy. The reported results are in conformity with ground
based, satellite and reported results.
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